Abstract. In this paper we give a new estimate of the cardinality of the product of subsets AB in a finite non-abelian simple group, where A is normal and B is arbitrary. This estimate improves the one given in
Introduction
This paper is a continuation of [2] , where the following question was considered. Given a finite group G and two arbitrary subsets S, T ⊂ G, how large may their product T S be, provided that T S = G?
In [2] the survey of related results was presented. In particular, we proved that if S is a normal subset, |S| > 1, and G is finite non-abelian simple, then ST = G yields that |ST | ≥ |S| + |T | − 1. Furthermore, the equality |ST | = |S| + |T | − 1 holds if and only if either |T | = 1 or T = S −1 g, where S denotes the complement to S in G.
As it was illustrated in [2] , the above-mentioned result implies various interesting applications which were stated there.
The purpose of this paper is to present a better estimation for |AB|. More precisely, the main result of the paper is In particular, if A is a non-trivial conjugacy class, then either |C G (a)| = 3, a ∈ A, or the assumption |A| ≤ |G|/4 holds by the simplicity of G. Non-abelian simple groups G with self-centralizing subgroup of order 3 are A 5 and P SL (2, 7) by [5] . If G = A 5 , then l = 12 and Theorem 1.1 holds by [2] . If G = P SL (2, 7) , then l = 21 and |A| = 56. Here also one can prove that Theorem 1.1 holds. Therefore, if A is a non-trivial conjugacy class of G, then the assumption |A| ≤ |G|/4 may be omitted. As a direct consequence we obtain the following omnibus theorem:
Theorem 1.3. Let G be a finite non-abelian group with k conjugacy classes and Cla(G)
# be the set of its non-trivial conjugacy classes. Then G is not simple if one of the following holds:
# is a conjugacy class of minimal cardinality;
Parts 1) and 2) are known by [1] . Parts 3)-5), 7)-9) and 11) were open problems; a few of them were mentioned in [1] . Part 6) was proved in [1] by using CFSG. Part 9) is known due to R. Brauer (see [4] ). The detailed structure of G satisfying part 1) is known by [1] . In [1] it was shown that there is no finite group satisfying part 2).
1
Further research is needed for a better understanding of the structure of G satisfying parts 3)-11).
Preliminaries
Let A ⊂ G be a subset of a group G. In what follows we use A for G \ A. For an integer i we define
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Proof. The identity
Combining this with (1) yields
Therefore, |A −1 (AB)| = |B|. Combining this with an inclusion A −1 (AB) ⊂ B yields A −1 (AB) = B. Now the inclusion AB ∈ E i (A −1 ) easily follows from the following sequence of equalities:
Proof of (iii) is a trivial exercise. Part (iv) is a direct consequence of (ii)-(iii) and normality of A. 
Moreover the equality case in (3) holds if and only if E 1 (A) contains a subset with two elements.
In this section we study the situation where
The main result may be formulated as follows:
As a direct consequence, we obtain the following two results.
Theorem 3.3. Let G be a non-abelian finite simple group. Let
The rest of this section contains the proof of Theorem 3.1. Thus we always assume that S 1 (A) = ∅ and m(A) − 2 > ω 1 (A) − |A|. The following notation will be used throughout the section:
We always have
(ii) Assume that at least one of the inequalities
On the other hand,
Since AC
, the right part of the above inequality may be rewritten as follows:
Comparing (5) and (6) gives us
Applying the same arguments to B 2 ∩ C −1 1 , we obtain the inverse inequality which yields
Since B 2 has a minimal cardinality among the elements of E 1 (A), |C
Proof. (i) is a direct consequence of the previous claim and Proposition 2.2, part (ii).
(ii) Assume that |Bg ∩ B| > 1 for some g ∈ G\{1} (the case when |gB ∩ B| > 1 is considered analogously). Then Bg ∈ E 1 (A) and by Lemma 3.1 |Bg ∩ B| = |B|, or, equivalently, Bg = B. Thus B is a union of the left cosets of the cyclic subgroup g . This implies that xB ∩ B is a union of the left g -cosets as well. In particular, |xB ∩B| is divisible by the order o(g) of g. On the other hand, |xB ∩B| ∈ {0, 1, |B|} for all x ∈ G. Therefore |xB ∩ B| ∈ {0, |B|} for an arbitrary x ∈ G. That means xB ∩ B is either ∅ or B. Since 1 ∈ B, B is a subgroup of G. ♦
The latter statement makes it reasonable to split the general case into two subcases, depending on whether B is a subgroup or not.
B is not a subgroup of G.
In this section we show that, under the assumptions of Theorem 3.1, B should be a subgroup of G. In fact, we prove a stronger result.
Lemma 3.3. If B is not a subgroup of G and 1 ∈ B, then
Write AB = C, where |B| = m, |C| = n. For every c ∈ C we have
By applying Lemma 3.1, part (ii), we obtain that either
Since 1 ∈ B and c ∈ C, either
or
Let C 1 be a set of those c ∈ C satisfying (8) and C 2 be a set of those c ∈ C satisfying (7). Clearly C = C 1 ∪ C 2 and C 1 ∩ C 2 = ∅.
Proof. Assume the contrary, i.e.
As follows from (7)
This yields Cb ⊃ C 2 for each b ∈ B, whence
Therefore B 2 ∈ S 1 (A), whence
Thus
But now |B 2 | ≥ |B ∪ Bb| = 2|B| − 1 yields a contradiction (B is not a subgroup,
Proof of Lemma 3.3. We have two equalities:
Therefore,
This implies
By definition of C 1 :
Together with (10) this yields
B is not a subgroup; therefore, by Corollary 3. 
By Lemma 3.1, B i ∩ B j = {1} whenever i = j. In other words, B should be a TI-subgroup of G. Each C i is a union of B i -cosets; therefore m | n. To prove Theorem 3.1 we consider two separate cases:
The first case is settled below.
Proposition 3.5. Case (i) is impossible.
Proof. We have AC
To consider the second case, we may assume that
For each d ∈ D we can write
By Lemma 3.1, part (ii), either
Equivalently, either
Now Theorem 3.1 is a direct consequence of the following claim.
Proof. First assume that there exist at least two elements d 1 , d 2 ∈ D which satisfy (16), i.e.,
. (17)
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Then we have three equalities
This gives us the following inequality
By (17) the left side may be estimated as follows:
Thus we may assume that the number of elements of D satisfying (16) is not greater than 1. Therefore, there is a subset F ⊂ D such that |F | ≥ |D| − 1 and
We claim that
Db| ≤ |F | = |G| − |F | ≤ |G| − |D| + 1.
Since F B 1 = F and F = ∅, |F | ≥ |B 1 | = m. Hence |AB 2 B 1 | ≤ |G| − 2 and we can write
, then we have completed our proof via Theorem 3.1. Otherwise, |B| ≤ ω 1 (A)−|A|+3 and |AB| = |A| + |B| + k ≤ |A|+ 2k + 3. But |B| > 2. Therefore |AB| ≥ |A|+m(A). Consequently, 2k + 3 ≥ m(A), contrary to our assumption
This is a contradiction. ♦
and
are disjoint B 1 -cosets.
The estimation of m(A)
In this section we assume that G is a finite non-abelian simple group with a normal subset A, |A| ≤ |G|/4.
For each λ ≥ 0 we define
Clearly, A λ is a normal subset of G and A λ ⊂ A µ whenever λ ≤ µ. Further, A λ = G for each λ ≥ |A|. The simple calculations give us
Proof. Take an arbitrary g ∈ A λ and h ∈ A µ . One can write
As follows from the definition, m(A) is the minimal λ with |A λ | > 1. We abbreviate m := m(A). Since G is simple, 0 < m. In what follows we write F n = A nm \A m(n−1) , n ≥ 1. In particular, Proof. At first consider the case A 2m = G. Since |A ∩ Ag| ≥ |A| − λ for all g ∈ A λ , the inequality |A ∩ Ag| ≥ |A| − 2m holds for all g ∈ G. By applying (20) we obtain
After cancellation we obtain
and the claim follows.
ORDER EVALUATION OF PRODUCTS OF SUBSETS 4411
Assume now that A 2m = G. Then {1} ∪ F 1 ∪ F 2 = G and, due to (20),
But |F Proof. We claim that j ≤ |F 1 |i implies that g j ∈ A mi . Indeed, this inclusion is evident in the case A mi = G. Thus, we can assume that A mi = G, which implies, according to (23) , that
Proof. Denote a = |A|. Since |F 1 | ≤ |A| and |G| ≥ 4|A|, it is sufficient to show that
Therefore, λ i ≥ a/3 for all 1 ≤ i ≤ 3a − 2. But this implies that a(a − 1) ≥ a(3a − 2)/3, which is a contradiction. ♦ Theorem 4.1. At least one of two inequalities
holds.
Proof. Assume the contrary, i.e. |F 1 | ≥ 3m and |A| ≥ 6m. By Lemma 4.3, |F 1 | < |A|. Take an integer n such that
Due to Proposition 4.5, n|F 1 | ≤ |G| − 3. Consider the sets
By the choice of n, m ≥ 2a 3n , whence
After simple transformations, we obtain m(n + 1) ≥ a + 1. On the other hand, n + 1 ≤ 2a 3m + 2, whence 2a 3m
contrary to m ≤ a/6. ♦ As a corollary we obtain the following: Proof of Theorem 1.2. Denote by l the minimal cardinality of non-trivial conjugacy classes of G. If l ≥ 43, then Theorem 1.1 implies our claim. Thus we may assume that l ≤ 42 which implies that G has a primitive permutation representation of a degree of 42 at most. The classification of all primitive groups of a degree of 50 at most, was done in [8] without CFSG. According to [3] , either G = A n or a point stabilizer of G has a trivial centre. Thus, in the case of G = A n , G has a maximal subgroup of index of, at most, 21. Due to [3] , G is one of the following groups given in Table 1 .
The groups A n , n ≥ 7, L 3 (3), M 11 , M 12 have no non-trivial conjugacy class with fewer than 43 elements.
The groups
, L 2 (16) have no non-trivial conjugacy class with fewer than 40 elements according to 8.27 of [6] .
In the case of G = A 6 , there are only two normal subsets A of G satisfying the assumption |A| ≤ |G|/4, namely: the conjugacy classes C 1 and C 2 of cyclic types [3] and [3, 3] , respectively. Using the multiplication tables of the conjugacy classes of A 6 , one can easily check that m(A) ≥ 8 in both cases, A = C 1 and A = C 2 . Therefore, by Theorem 3.3,
as desired.
The case of G = L 2 (7) may be settled analogously. We also assume that B has a minimal cardinality among all subsets of A 5 satisfying the above conditions.
If B is not a subgroup, then by Lemma 3.3 |B| (|B| − 3) /2 ≤ ω 1 (A) − |A| ≤ 2. Therefore |B| ≤ 4, whence |AB| ≤ |A| + |B| + 2 ≤ |A| + 6. On the other hand, |B| ≥ 2 implies that |AB| ≥ |A|+m(A) = |A|+ 7. This is a contradiction. Hence B should be a subgroup of Consequently, |C|k + 3k − 6 ≤ |G| ≤ k|C| + 2k. Whence k ≤ 6, contrary to the assumption. ♦
